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Set #4

Due Friday April 24, 2020

Problems:
1. (Similar to Egan 12.1 & 12.2) Shown in the figure below is the one-sided

phase noise power spectral density at the input to the PLL also shown below.

Partly from William F. Egan, Phase-Lock Basics.  Reprinted with permission of John Wiley and Sons, Inc. 

 

12.1  Figure P12.1 below shows the phase power spectral density at the input of the loop 

of Fig. 12.13. Sketch the phase power spectral density at A and at B on this figure or a 

similar chart.  Use straight-line approximations; indicate slopes and levels. 

 

 
Fig. P12.1 

 

 

12.2  What is the variance of phase, !"2, between 100 Hz and 200 kHz indicated by the 

density S" shown in Fig. P12.1?  Show separately the calculations for each of the 

regions defined by different slopes.  Give answers in units of radians squared for (a) 

100 Hz to 1 kHz, (b) 1 kHz to 40 kHz, (c) 40 kHz to 200 kHz, and (d) the total 

variance for the three regions combined. 

 
12.3  What equivalent input noise voltage density for the op amp in Fig. 12.13 will 

produce Sf = 10-6 Hz, at 1 kHz modulation frequency, at the loop output?  (The 

equivalent noise voltage is in series with the positive (non-inverting) input of the op 

amp. The transfer function from the positive input to the op-amp output is 1 - GA , 

where GA is the transfer function from the PD output to the op amp output.  Note 

that, when GA is real, as when the capacitor impedance goes to zero, it is negative.) 

 

Hz

PD VCO+

Reference
Phase
Input -

+

A B

 
Kp = 1V/rad

 
Kv = 625Hz/v

 0.1µf  16 k!

 4 k!

400pf

 1 k!

  

S!, in ( f )

= S"r ( f )   

S!, out ( f )

= S
"̂
( f )



ECE 5675/4675 Set #4

1. (cont.)

(a) Develop a phase noise model which corresponds to the phase noise plot shown above,
of the form

S'r
.f / D S�r

.f / D k�3

1

f 3
C k�2

1

f 2
C k0

Note that the units in the figure are dBr/Hz, where dBr stands for dB-rad2, which makes
it the same quantity as S�r

.f / in the notes.

(b) Find the one-sided phase noise spectral density at test point A and plot it in dB versus
log frequency.

(c) Find the one-sided phase noise spectral density at test point B and plot it in dB versus
log frequency.

(d) What is the variance of the closed-loop phase error, �2� , due to the input phase noise,
over just the band of frequencies 100 Hz to 200 kHz. A numerical solution to the
integral is sufficient.

2. (Egan 8.1 modified) A loop has a double-balanced mixer phase detector with a (maximum)
gain ofKp D 0:1 V/cycle. The tuning characteristic of the oscillator has a 40-MHz/V slope.
The loop filter is shown below. The VCO is 90ı out of phase with an input signal to which it
is locked when the frequency is 30 MHz (note this is a locked 0ı phase error condition).

10 kΩ

50 Ω

1μf

(a) If the input frequency drifts, how high can it go before the loop will lose lock? Give
frequencies in Hz.

(b) After lock is broken, the input frequency is lowered again. At what frequency can the
loop reacquire? What are the restrictions on the formula that you used and how well
are they met (give numerical values)?

(c) At what difference between input frequency and VCO center frequency fc will cycle
skipping stop? What are the restrictions on the formula that you used and how well are
they met (give numerical values)?

(d) How long will it take to stop cycle skipping if the input signal is 14 kHz above fc?
What are the restrictions on the formula that you used and how well are they met (give
numerical values)?
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3. Consider the notes Chapter 4 on optimum loop transfer functions to work this problem. Set
the safety factor � D 1.

(a) For a PLL with �.t/ D �0 u.t/, what is the optimum PLL system function H.s/ in the
minimum mean square error sense, in the presence of additive white noise?

(b) If Pc=N0 D 37 dB-Hz what is the optimum loop noise bandwidth, BL, for tracking
with �0 D �=9?

(c) In part (b) what rms phase error, �� , in degrees is due to just n.t/?

(d) Repeat parts (b) and (c) for Pc=N0 D 17 dB-Hz.

4. Consider again the notes Chapter 4 section on optimum loop transfer functions. Let �.t/ D
Œ�0 C�0t �u.t/ be a composition of phase step and phase ramp modulating the input carrier
along with additive noise n.t/. It can be shown that the optimum loop transfer function is (I
have made this a bonus problem in the past, no worries about proving here):

Hopt.s/ D
2�!ns C !

2
n

s2 C 2�!ns C !2n
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!n D
p
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2A2

N0
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1

2

vuut
2C �

�20
�0

s
2A2

N0

(a) If Pc=N0 D 17 dB-Hz, �0 D �=9 rad, and �0 D 2� � 10 rad/s, what are Bn D BL, �,
and �2�?

(b) Repeat part (a) with Pc=N0 D 30 dB-Hz, �0 D �=4 rad, and �0 D 2� � 100 rad/s.

(c) In part (b) if �0 is taken to be zero, what is the error in Bn D BL and � in percent over
the actual optimum?
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